Abstract. We here consider necessary and sufficient conditions for a completely right injective semigroup S whose lattice L(S) of right congruences on S is semiatomic. These are preceded by a number of results on the characterization of a semigroup S in which every automaton over S is injective(called a completely right injective semigroup).
Introduction
A right congruence ρ on a semigroup S is an equivalence relation on S such that if (a, b) ∈ ρ and s ∈ S, then (as, bs) ∈ ρ. Let L(S) be the set of all right congruences on S. If α and β are two elements of L(S), then the right congruence α ∨ β, called the join of α and β, is the smallest right congruence that contains both α and β. Also the right congruence α ∧ β, called the meet of α and β, is the largest right congruence contained in both α and β.
Each of the right congruences defined in the above is well-defined.
The unique largest element of L(S) is the universal congruence υ = {(s, t) | ∀s, t ∈ S}. The unique smallest element of L(S) is the identity congruence ι = {(t, t) | ∀t ∈ S}. Thus L(S) becomes a complete lattice.
A right congruence ρ is said to be minimal if ι = τ and if ι ≤ ρ ≤ τ implies ι = ρ or ρ = τ . We have seen [8] that there is a type of minimal right congruences of interest to us in this paper. We describe it here.
Let ρ be a right congruence on S. Let U be an equivalence class of ρ containing one element e. If for every d ∈ S such that U d ⊆ U we have ed = e, then e is called a zero of ρ. If U = {e} then e is called a trivial zero of ρ; otherwise, e is called a nontrivial zero of ρ. Definition 1. A minimal right congruence ρ is of Type 2 if every equivalence class contains exactly one element z such that if whenever (z, zx) ∈ ρ we have z = zx.
Throughout this paper our minimal right congruences are of Type 2.
Definition 2. As a lattice, L(S) is said to be semiatomic if the universal congruence υ is the join of its minimal right congruences on S.
Definition 3. A right congruence ρ is said to be essential if for every right congruence α we have the implication α ∩ ρ = ι =⇒ α = ι.
Completely right injective semigroups
Definition 4. A (deterministic) automaton over S(or S-automaton), A = (A, S, δ), is a triple where A is a nonempty set, S is a nonempty semigroup, δ is a function mapping A × S into A. We shall assume the useful property that
for a ∈ A and s, t ∈ S. 
where A ⊆ B are automata over S, and α is an S-homomorphism of A into J. Consider the set of all pairs (h, C) such that C is a subautomaton of B containing A and h : C → J is a S-homomorphism which extends α. We partially order this set by the relation (h, C) ≤ (h , C ) if and only if h extends h and C ⊆ C . Since any totally ordered subset has an upper bound in the set, we can use Zorn's Lemma to get a maximal pair (h, C). To prove that J is an injective automaton over S, we show C = B. Suppose that C ⊂ B and let b be an element of B \ C. Set I = {s | bs ∈ C}. We first assume that I is empty. Since bS 1 ∩ C is empty, we define a map k :
Assume that I is nonempty, and let λ(s) = h(bs) for all s in I. Note that I is a right ideal of S and λ is an S-homomorphism from I into J. Thus there is an element y in J such that λ(s) = ys for all s in I and hence h(bs) = ys for all 1 , and let h * : C * → J be the map defined by h * (x) = h(x) for x in C and h * (x) = k(x) for x in bS 1 . Then h * is clearly an S-homomorphism of C * into J which extends h. Since it contradicts to the maximality of (h, C), C = B and J is injective.
Lemma 1. ([2]) Every right ideal of a completely right injective semigroup S is generated by an idempotent element.

Lemma 2. ([2]) The set of right ideals of a completely right injective semigroup S is linearly ordered by inclusion.
Lemma 3. Let S be a completely right injective semigroup with a left identity and I be a right ideal of S. If I is not minimal, then the set K of nongenerators of I is the largest right ideal contained in I.
Proof. For any right ideal I, we let U (I) be the set of all generators of I, and denote K = I \ U (I). Since U (I) is nonempty, K is a proper subset of I. Assume that I is a right ideal that is not minimal. If K were empty, then for every element a ∈ S, I = aS. Let J be a right ideal of S such that J ⊆ I, let x be an element of J. Since x ∈ I implies that J ⊆ I = xS ⊆ J, K is nonempty. Let x ∈ K and s ∈ S. If xs were not in K, then I is generated by xs. But then x ∈ I, hence it follows x ∈ U (I) which contradicts to the choice of x. Thus K is a right ideal contained in I properly. If J is any right ideal of S such that K ⊂ J ⊆ I and x is in J \ K, then x is in U (I) so that I = J. Thus there are no other right ideals strickly between I and K.
Lemma 4. If S is a completely right injective semigroup with a left identity, then S has a zero element.
Proof. Let S 0 be the semigroup adjoined with a zero element 0. Since S 0 is injective as an S-automaton by assumption, there exists an
But since sz is also a left zero of S, we have that there is either {sz} ⊆ {z} or {z} ⊆ {sz}, i.e., sz = z = zs. Thus z is a zero element of S.
Theorem 2. If a semigroup S has a left identity, then S is completely right injective if and only if S has a zero and every right ideal of S is generated by an idempotent element.
Proof. Let S be a semigroup with a left identity. We have seen that for a completely right injective semigroup S it has a zero and every right ideal of S is generated by an idempotent. To show that S is completely right injective we now assume that S has a zero and every right ideal of S is generated by an idempotent. If I is a right ideal of S, J is an S-automaton, and φ : I → J is an S-homomorphism, then I = eS for some idempotent e in S. Let φ(e) = x in J. Then for every s in I, φ(s) = φ(es) = φ(e)s = xs. If S has a zero, it suffices that J is injective by Theorem 2.
Remark 2. Let U 0 be the set of generators of S, and I 1 be the set of nongenerators of S. Since U 0 is nonempty, it is easy to see that I 1 is a proper right ideal of S. Let U 1 be the set of generators of I 1 , and I 2 = I 1 \ U 1 . Then I 2 is the largest right ideal in I 1 by the same argument. Continuing this process, we have a chain
where U i is a nonempty set of generators of a right ideal I i for all i. Thus every right ideal of S is in this chain . Since every right ideal is generated by an idempotent, every U i contains an idempotent. Also since S has a zero, this chain of right ideals must be finite so that U t = I t and
As defined in ([1], pp.47-48) , H, R and L, J will denote Green's equivalence relations on the semigroup S. L a (resp. R a , H a ) denotes the L − (resp. R−, H−) class of S containing the element a. Proof. Let S be a completely right injective semigroup having a left identity. Since every right ideal is generated by an idempotent, it is clear that S is a prisemigroup and hence a regular semigroup. If a is an element in S, there exists an inverse b of a such that a = aba, b = bab. Define a map f : baS → aS by f (bas) = as for all s in S. Then f is clearly an S-isomorphism. Since all right ideals of S are linearly ordered by inclusion, it suffices that baS = aS = abS where both elements ab and ba are idempotent. If we let a = bba, then aa a = a and a aa = a . But then aa = a(bba) = ba = b(baa) = (bba)a = a a, it suffices that a is too an inverse of a with aa = a a. Since a and aa are related by H-class, the H-class H a containing a is a group by Green's theorem. Since S is a union of H-classes, we have that S is a union of groups. 
Theorem 5. If S is a completely right injective semigroup with a left identity, then every right ideal of S is two-sided.
Proof. Let I be a right ideal of S and a ∈ I. For an element s not in I, we claim that sa is in I. Since s is an element of S, there is some idempotent e such that s belongs to H-class H e and se = s = es, so it implies ea = a. Let t be an element of S such that ts = e. Then a ∈ Ssa and sa ∈ L a where L a is a L-class containing a. 
Proof. Let a in U i and b in U j and a , b be an inverse of a, b such that aa a = a, a aa = a and bb b = b, b bb = b respectively. If e = aa and f = bb , then ea = a and f b = b. But then a f in f S and f (a f ) = a f , it follows that f is in (af )S. Since af is also in f S, af ∈ U j and ab ∈ U j . Next if ba were not in U j , then there is some k > j such that ba ∈ U k . But then b = b (bb ) = b f ∈ f S ⊆ eS and hence eb = b . It follows that f is in baS which contradicts to the choice of k.
Theorem 7. For each i, U i in Remark 2 is a right group.
Proof. Let a be an element in U i and e be an idempotent element in U i . If b is an element such that ab = e, then b = be and e = ab ∈ bS so that b is in U i . Let u be an element of
In this section we have seen that completely right injective semigroups having a left identity can be decomposed into disjoint right groups.
Semiatomicity for completely right injective semigroups
In [6] , a characterization is given for those semigroup S whose lattice L(S) of right congruences is semiatomic. If I is any right ideal of S, we denote by U (I) the set of all generators of I.
We first state eight conditions we can place on a semigroup S. 1. S has no proper essential right congruences.
The right ideals of S form a descending sequence
3. Every right ideal of S is two-sided and has an idempotent generator. 4. For every right ideal I of S we have that U (I) is a right group. 
Every right ideal of S appears in this sequence.
and where k ≤ j and where l = max{k, l}.
Note. Let S be a semigroup with a left identity and with DCC on right ideals and assume that S has no proper essential right congruences. It is not hard to see that S satisfies all nine conditions in the previous theorem even though S has a left identity.
Theorem 10. Assume that S is a completely right injective semigroup with a left identity. Then the lattice L(S) of right congruences on S is semiatomic if and only if S has no proper essential right congruences.
Proof. We shall first assume that the lattice L(S) of right congruences on S is semiatomic. Let α be an essential right congruence on S and ρ in Ω where Ω is the set of all proper minimal right congruences on S. Since α ∩ ρ ⊆ ρ, α ∩ ρ is either ρ or ι by the minimality of ρ. If the right congruence α is essential, then α ∩ ρ = ρ, i .e., ρ ⊆ α, and hence the join, ∨ρ, of minimal right congruences is contained in α. Thus υ = ∨ρ ⊆ α so that α = υ. Therefore S has no proper essential right congruences.
To show that the converse also holds, we assume that S is a completely right injective semigroup which has no proper essential right congruences. If S is completely right injective, it trivially holds dcc condition on right ideals and then the last right group U t in the decomposition of S in characterization theorem of semigroups which has no proper essential right congruences contains a zero element e t . If a, b ∈ U t−1 with a = b , then condition 6 implies e t a = e t b which contradicts to the fact that e t is a zero of S . Hence
If a, b ∈ U t−2 with a = b , then condition 6 also shows that for every idempotent x in U t−1 , e t−1 x = e t−1 and e t−1 a = e t−1 b , but it contradicts to the fact that both e t−1 a and e t−1 b are in the singleton U t−1 . Hence | U t−2 |= 1 . Continuing this process, we see that each right group U i is a singleton(actually an idempotent) and then S = {e 0 , e 1 , · · · , e t } where e i e i = e i for i = 0, 1, · · · , t . Since all elements of S are dually well-ordered, we can list them as Proof. Let Ω be the set of minimal right congruences on a group S. If ρ ∈ Ω, let x be a non-trivial zero of ρ and let y be in the equivalence class which contains x. Then x(x −1 y)ρx implies y = x(x −1 y) = x. Since this contradicts the assumption that x was a nontrivial zero of ρ, the set Ω is empty and ∪Ω = ι = υ unless | S |= 1.
We also observe the semiatomicity for semigroups for which every automaton is projective(called completely right projective semigroups).
where f is onto can be completed (to yield a commutative diagram) by a homomorphism h : P → L such that f h = g. 
For the completely right injective semigroup S, L(S) is semiatomic; 2. For the completely right projective semigroup S, L(S) is semi-
atomic; 3. | S |= 1.
Proof. (1) ⇔ (3) If | S |= 1, then a right congruence ρ on a semigroup S is both the identity and the universal congruence. If Ω is the set of minimal right congruences on S, then Ω is empty and ∪Ω = ι = υ so that L(S) is semiatomic.
We assume that S is a completely right injective semigroup whose lattice L(S) of right congruences on S is semiatomic. If a semigroup S is completely right injective, then S satisfies conditions 1 -7 in the characterization for those semigroups whose lattice of right congruences is seatomic. But since S has a zero, the condition 7 can not be satisfied unless | S |= 1. Thus the lattice L(S) of the completely right injective semigroup S is semiatomic if and only if | S |= 1.
(2) ⇔ (3) If S is the singleton, we have seen that L(S) is semiatomic. Hence assume that S is a completely right projective semigroup whose lattice L(S) of right congruences on S is semiatomic. If S is a completely right projective semigroup, then S is either {1} or {1, 0}. Since S have a zero in either case, it is easily seen that the lattice L(S) of this type of semigroups can not be semiatomic unless | S |= 1. 
